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1 The Space R™ and the Most Important Classed
of its Subsets

1.1 The Set R™ and the distant in it
1

We make the convention that R™ denotes the set of ordered m-tuples (z!, 2!, -+, 2™)
of real numbers z* € R.
The function:

1. d(x1,zq) > 0;

2. d(zy,20) =0 <= 21 =29

3. d(x1, 1) = d(x2,11);

4. d(xq, ) < d(x1,23) + d(x3, 22);

A function defined on pairs of points (x1,z2) of a set X and possessing
the properties 1,2,3,4 is called a metric or distance on X.

1.2 Open and Closed Sets in R™
Definition 1.1. For each 6 > 0, the set

B(a,0) = {x € R™|d(a,z) < 0}

is called the ball with center a € R™ of radius 6 or the d-neighborhood of the
point a € R™.



Definition 1.2. A set G C R™ is open in R™ if for every point x € G there
is a ball B(a,d) such that B(a,0) C G.

Definition 1.3. An open set in R™ containing a given point is called a
neighborhood of that point in R™.

Definition 1.4. In relation to a set E C R™ a point is

an interior point if some neighborhood of it is contained in F;

an exterior point if it is a interior point of the complement of E in
Rm’.

a boundary point if it is neither an interior nor an exterior point of
E.

2 Limits and Continuity of Functions of Sev-
eral Variables

2.1 The Limit of a Function

In the next few sections we shall be consider functions f : X — R” defined
on subsets of R™.

Definition 2.1. A point A € R" is the limit of the mapping f : X — R"
over a base B in X if for every neighborhood V (A) of the point there exists
an element B € B of the base whose image f(B) is contained in V(A).

In brief,
1il£,n f(x)=A:=VV(A),dB € B, f(B) C V(A)
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2.2 Continuity of a Function of Several Variables and
Properties of Continuous Function

Let E be a subset of R™ and f : E — R™ be a function defined on E with
values in R™.

Definition 2.2. The function f : E — R"™ is a continuous at a € E if
for every neighborhood V (f(a)) of the value f(a) that the function assumes

at a, there ezists a neighborhood Ug(a) of a in E whose image f(Ug(a)) is
contained in V(f(a)).

Thus f : E — R"is continuous at a € £ <= VV(f(a)),Vg(a),s.t.f(Ug(a)) C
V(f(a)).

It follows from the definition above that the mapping f : £ — R™ defined
by the relation

(xlwx y T >$m) =Ty = (y1>y2>"' ’yn) = (fl(l.lij’___ axn)a"' ,fn(l’l,l’2,"' >$n))

is continuous at a point if and only if each of the function y* = f*(z!, 22, -+, 2™)
is continuous at that point.

Local properties of continuous functions

a) A mapping f : E — R" is continuous at a point a € E' if and only is
w(f;a) =0.

b) A mapping f : E'+— R" is continuous at a point a € F is bounded in
some neighborhood Ug(a) of that point.

¢) If the mapping g : Y — R¥ of the set Y C R" is continuous at a point
Yo € Y and the mapping f : X — Y of the set X C R™ is continuous at a
point xg € X and f(zg) = yo, then the mapping go f : X — R¥ is defined,
and is continuous at zy € X.



Global Properties of Continuous function.

a) If a mapping f : K — R" is continuous on a compact set K C R™,
then it is uniformly continuous on K.

b) If a mapping f : K +— R™ is continuous on a compact set K C R™,
then it is bounded on K.

c¢) If a mapping f : K — R™ is continuous on a compact set K C R™,
then it assumes its maximal and minimal values at some point of K.

d) If a mapping f : K — R” is continuous on a connected set £ C R™
and assumes the values f(a) = A and f(b) = B at points a,b € E, then for
any C between A and B, there is a point ¢ € E at which f(c) = C.
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0,z is an irrational number
Y, x is a rational number
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