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1 Differentiable Functions

Definition 1.1. A function f : E — R defined on a set F is differentiable
at a point @ € E that is a limit point of E if there exists a linear function
A(z — a) of the increment z — a of the argument such that f(z) — f(a) can
be represented as

f(x) = fla) =A(r —a)+o(x—a)asz - a,a € E (1)

In other words, a function is differentiable at a point a if the change in its
values in a neighborhood of the point in question is linear up to a correction
that is infinitesimal compared with the magnitude of the displacement x — a
for the point a.

Definition 1.2. The linear function A(z—a) in Eq. 1 is called the differential
of the function f at a.

The number A is unambiguously determined due to the uniqueness of the
limit.
Definition 1.3. The number

r—a T —a

(2)
is called the derivative of the function f at a.

Graphically, this definition says that the derivative of f at a is the slope
of the tangent line to y = f(x) at a, which is the limit as z — a of the slopes
of the lines through (x, f(x)) and (a, f(a)).

We can also write

) — 1 £+ 0~ (@

Az—0 Azx




Definition 1.4. A function f : E — R defined on a set £ C R is differen-
tiable at a point x € E that is a limit point of E if

fle+h) = f(x) = A(x)h + a(z; h) (3)
where h — A(z)h is a linear function in h and a(z;h) = o(h) as h —
0,z+heFE.

Definition 1.5. The function h — A(z)h of Definition 3, which is linear in
h, is called the differential of the function f : £ — R at the point z € F and
is denoted as df (z) or D f(x).

Thus, df (z)(h) = A(z)h.
From definitions 2 and 3 we have

Af(z;h) —df (z)(h) = a(z; h)

1.1 Some Examples

Examples 1. Let f(z) = sinx. We shall show that f'(z) = cosz.
Examples 2. We shall show that cos'(z) = —sin z.

Examples 3. If f(t) = rsinwt, then f'(t) = rwcoswt. If f(t) = rcoswt,
then f/(t) = —rwsinwt.

Examples 4. The instantaneous velocity and instantaneous acceleration of
a point mass. Suppose a point mass is moving in a plane and that in some
given coordinate system its motion is described by differentiable function of
time
z=u(t),y =y(t)

In particular, this motion is written as in the form

r(t) = (r cos(wt + ), rsin(wt + «))
Examples 5. The optic property of a parabolic mirror. Let us consider
the parabola y = ﬁ:ﬁ(p > 0), and construct the tangent to it at the point
(%0, y0) = (@0, %x%).

Examples 6.
2?sind if 2 #£0
f(x)_{ 0, if x = 0.

Examples 7. We shall show that
"t — e = e"h + o(h)
as h — 0.
Examples 8. If a > 0, then a®™" — a® = a"(Ina)h + o(h) as h — 0.
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2 The Basic Rules of Differentiation

2.1 Differentiation and the Arithmetic Operations

Theorem 2.1. If function f: X — R and g : X — R are differentiable at a
point z € X, then a) their sum is differentiable at =, and

(f+9) ()= (f+7) (),

b) their product is differentiable at z, and

(f-9) (2) = f'(x) - g(a) + f(z) - g'(2),
c) their quotient is differentiable at z if g(z) # 0, and
' _ f@)gle) = f(2)d'(x)
(5) (@)= ?(x) '

Corollary 2.2. The derivative of a linear combination of differentiable func-
tions equals the same linear combination of the derivatives of these functions.

Corollary 2.3. If the functions fi,-- -, f, are differentiable at x, then

(fifa---fu) () = fifa- fa
+hfs o fu e+ fife

Corollary 2.4. It follows from the relation between the derivative and the
differential that we have:

a)d(f + g)(z) = df (z) + dg(=),

b)d(f - g)(x) = g(x)df (x) + f(x)dg(x),

0)d (i) () = L@ (@) — f()dg(a)
g

9°(x)
Examples 9. Find the derivative of tanz and cot x.

2.2 Differentiation of a Composite Function (chain rule)

Theorem 2.5. If the function: f: X — Y C R is differentiable at a point
x € X and the function g : Y — R is differentiable at the point y = f(x) € Y,
then the composite function g o f : X — R is differentiable at x, and the
differential d(g o f)(x) : TR — TRg(f(x)) of their composition equals the
composition dg(y) o df(x) of their differentials.



Proof. The conditions for differentiability of the function f and g have the
form.
flx+h)— f(z)=f(x)h+o(h),h = 0,z +heX

gly+1t)—gly) =g Wt +ot),t >0,y +tey

We remark that in the second equality here the function o(t) can be consid-
ered to be defined for ¢t = 0, and in the representation o(t) = (t)t, where
v({t) > 0ast — 0,y+t €Y. Setting f(x) =y and f(z +h) =y +1, by
the differentiability of f at the point x we conclude that t — 0 as h — 0 We
now have

V(f(z+h) = fz)) = alh) =0
as h — 0,z + h € X. and thus if t = f(z + h) — f(z), then,

o(t) =y(f(z+h) = f(2))(f(z + h) = f(z))
a(h)(f'(@)h+ o(h)) = a(h) f'(x)h + a(h)o(h)
= o(h) +o(h) = o(h)

Corollary 2.6. The derivative (go f)'(z) of the composition of differentiable
real-valued functions equals the product ¢'(f(z)) - f'(x) of the derivatives of
these functions computed at the corresponding points.

g_Az Ay
Ax Ay Az

Examples 10. Let us show that for @« € R we have % = ax® ! in the
domain x > 0, that is, dz® = az® 'dx

Examples 11. The derivative of the logarithm of the absolute value of a
differentiable function is often called its logarithmic derivative.
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Examples 12. The absolute and relative errors in the value of a differen-
tiable function caused by errors in the data for the argument.

fl@+h) = fx) = fi(x)h+ a(z; h),
)

(@] _ |df(@)h
F@I ~ 1f@)

2.3 Differentiation of an Inverse Function

Theorem 2.7. Let the function f: X — Y and f~!: Y — X be mutually
inverse and continuous at points xy and f(xg) = yo € Y respectively. If f
is differentiable at zy and f’(z¢) # 0, then f~! is also differentiable at the
point yo, and

(F7) (yo) = (f'(z0)) "

Remark. If we knew in advance that the function f~! was differentiable at yq,
we would find immediately by the identity (f~' o f) (z) = z and the theorem
on differentiation of a composite function that (f=)" - f'(z¢) = 1.

Remark. The condition f’(xy) # 0 is obviously equivalent to the statement
that the mapping h — f'(xo)h realized by the differential d f(x¢) : TR(z¢) —
TR(yp) is invertible mapping [df(z)] ™" : TR(y) — TR(zo) given by the
formula 7 — (f'(x0)) " 7.
Examples 13. We shall show that arcsin’y = ﬁ for |y| < 1.

1

tan'y = ———
arctan’ y [y

Examples 14. ty = ——,

xamp arccot'y 157
Examples 15. The hyperbolic and inverse hyperbolic functions and their
derivatives. The function

sinhx =

(¢ ™)
(¢ =)

are respectively the hyperbolic sine and hyperbolic cosine of . These func-

tions, which for the time being have been introduced purely formally, arise

just as naturally in many problems as the circular functions sin z and cos x.
We remark that

N~ N~

coshz =

sinh(—z) = —sinh z

cosh(—x) = cosh x
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Moreover, the following basic identity is obvious
cosh? z — sinh®z = 1

The graphs of the functions y = sinhz and y = cosh z are shown in Fig 2.
The inverse of the hyperbolic sine is

r=In(y ++/1+y?)

Thus,

sinh ™y = In(y + /1 + 42

Similarly, using the monotonicity of the function y = cosh = on its definition,

y = coshz

Figure 1: Hyperbolic functions.

we have
cosh™*(y) = In (y —Vy? - 1)
cosh;'(y) =1In (y +Vy?— 1)

From the definitions given above, we find

sinh’ x = cosh z,

cosh’ z = sinh z,



and by the theorem on the derivative of an inverse function, we find

(Sinh_l y), = 1 = 1 7 = 1
sinh'z  cosh’z /T + 42
1 1 1 1
h_l ! = = = = — > 1
(cosh="y) cosh'z  cosh'z  _\/cosh?z — 1 V2 — 1Y

(coshjr1 y)/ = ! =

1 1
cosh’x —+v/cosh?z — 1 B Vyr—1

Like tan z and cot x one can consider the functions

sinh x cosh x
tanhx = ——— andcothz = —
cosh x sinh x

called the hyperbolic tangent and hyperbolic cotangent respectively, and also
the functions inverse to them, the area tangent

1.1 1 1
tanh™'y = 3 In 11_—3, ly| < 1,coth™'y = 3 In %, ly| > 1,
By the rules for differentiation we have
1
tanh’ x = 5
cosh” z
1
th'z = —
ot E sinh x

By the theorem on the derivative of an inverse funnction

3 Table of Derivatives of the Basic Elemen-
tary Functions

4 Higher-order Derivative

If a function f : £ — R is differentiable at every point © € FE, then a
new function f’: E — R arises, whose value at a point x € F equals the
derivative f’(z) of the function f at that point.

The function f’: F — R may itself has a derivative (f'(z))' : E — R on
E, called the second derivative of the original function f and denoted by one
of the following two symbols:
oy, @)

dx?

and if we wish to indicate explicitly the variable of differentiation in the first
case, we also write, for example, f (z)
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‘ Restrictions on

A . . !/
Function f(z) Derivative f'(z) doialil of € B
1. C (const) 0
2, 1% az®! r>0fora€R
r€RforaeN
3.a" a‘lna ze€R(@>0,a#1)
4. log, || = 2eR\0(@>0,a#1)
5. sinz CoS T
6. cosz —sinz
7. tanz 5512—2 r#E 5tk kel
1
8. cotz i s#mk, kel
9, arcsinz - ] <1
1-z2
10. arccos - lz| <1
1-z2
11. arctanz I:—zg
1
12. arccot 2 =g
13. sinhz coshz
14. coshz sinhz
15. tanhz ﬁrz
1
16. cothz —gis z#0
¢ _ p) 1
17, arsinhz =In (x+ 1+z2 ) \/1+7
= 2_ 1
18. arcoshz = In (m tvz 1) - 7 |z| > 1
19. artanhz = § In {12 I o] < 1
20. arcothz = 3 In 2 - Jo| > 1

Figure 2: Table of Derivatives of the Basic Elementary Functions.



Definition 4.1. By induction, if the derivative f~Y(z) of order n — 1 of f
has been defined, then the derivative of order n is defined by the formula:
d

F @) = — £ ()

The following notations are conventional for the derivative of order n:
(f™(2)) (x)

The set of functions f : £ — R having continuous derivatives up to order n
inclusive will be denoted as C™(E,R), and by the simpler symbol C'™(E).

Examples 16.

f(z) /() f"(x) - f ()
a® a®lna a®In®a e a®In"a
e’ e’ e’ e’
sin x COS T —sinx e sin(n + nm/2)
Cos T —sinx —cosx e cos(n + nm/2)
1+2)* a(l+2)*! ala—1)(1+2)*? -+ ala—1)--(a—n+1)(1+z)*™"
x® ar®! aaq — 1)zo2 e ale—1)---(a—n+1)z*"
n—1
log, || St “lp? - Wx_"
In |z| ! —x72 - (=) Hn —1)lan

Examples 17 (Leibniz’s formula). Let u(z) and v(z) be functions having
derivatives up to order n inclusive on a common set £. The following formula
of Leibniz holds for the nth derivative of their product:

(u0)™ = ﬁ: < " ) (=) () ()

m=0

Examples 18. If P,(z) = ¢y + c1x + - - - + ¢,z", then

PH(O) = Cp
Pl(z) =c¢1+ 20z + -+ ne,a"t = PL(0) = ¢
P'(z) =2cy+ 3 2c3x + -+ n(n—1)c,az" 2 = P/(0) = 2ley
PA@) =325+ +n(n—1)(n—2)cpz"3 = P(0) = 3les

P () = n(n = 1)(n—2) -+ 26, = P(0) = nle,
PP =0 for k>n.

Thus, the polynomial P,(x) can be written as

1
—P™(0)z".

' n

1 1
Po(2) = P + S PP (0)z + 5 PP (0)a? + - +
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Examples 19. Using Leibniz’s formula and the fact that all the derivatives
of a polynomial of order higher than the degree of the polynomial are zero,
find the nth derivative of the following functions:

¥ sinz, 2 sinh z, 2% In x, % sin x cos z, x%e”.
Examples 20. Let f(z) = arctanz, find the values f™(0)(n=1,2,---,)
Examples 21. Let f be a differentiable function on R. Show that
1. if f is an even function, then f’is an odd function,
2. if f is an odd function, then f’ is an even function,

3. ffisodd < f is even.
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5 1B
5.1 fREE

EUS

ro={ W 23

ar+0b, <3

S a, BHOME > (750 = BIRTTE -

5.2 fREME
KRB B4R TEHE BB R4 » AR o

(2) y =cosx, P(0,1)

5.3 BREE
S ITET GO
(1) fz) = |z’
r+1, >0

@ fo={ "7 12

B xo‘sin%, x#0
f($)—{ 07 r=0
AV
(1) B MRS » BB — 0% -

(2) ks (A BRE » BTEL = 0BT,
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5.5 KT5EBHIEE

(1) y =322 +2

1 — 22
2) y=-—"—
)y 14z + 22

(3) y=2a"+nx

T m 2
4) = — +— 19 i
() m+x+\/§+\/§

(5) y =a’loggx
(6) y=e€"cosx

(7) y= (2> + 1)(3z — 1)(1 — 2*)

tanx
8 =
(8) v ;
x
9) y =
()y 1—cosz
l+Inz
]_ pr—
(10) 1—Inz

(11) y = xvV1 — 22
(12) y = (2 — 1)°

(13) y— <1+x2)3

1—=x

(14) y = In(Inx)
(15) y = In(sinx)
(16) y =In(z + V1 + 2?)

\/1+x—\/1—x)
Vitr+V1l—x

(17) yzln(

(18) y = (sinz + cosz)?

(19) y = (sin2?)?

(20) y = arcsin(sin® z)



(21) y =2

(22) y=\lz+z+Va

(23) y = sin(sin(sin z))

@4>y:=$“($ni;9)

(25) Yy = (1' — &1)a1 (l’ — a,2)a2 R (ZL’ _ an)an

5.6 KT FBREIEREBSPEEE
(1) f(z) =32 + 42 — 52 — 9 » Kf"(1), fD(x)(1)

(2) flz) = Ve Rf7(0), £1(1), £1(=1)

5.7 KT H B = PSR

1) f(z) =aInz Kf"(z)
L
In(1+2) > RfO(a)
Bt 10 ()

(1) f
2) f
3) f
(4) f

()
()
()

T

5.8 fREE

B f R PR EL KNI B PR R
(1) f(lnz)
(2) f(z")
(3) f(f(z))
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5.9 MREE
KT 1) BR B n P B 8
(1) y=Inx

(2) y=a"(a>0,a#1)

(@yzxui@
(@yzgg

@)yzlﬁx
5.10 fHEE

KT 712 847 R8Pl e R 1) B B PR B
(1) { r =acos’t

y =asin®t
x = el cost
(2) { y = elsint
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