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Definition of Integral

Definition 0.1

If a function f is defined on the closed interval [a, b] and (P,¢) is a
partition with distinguished points on this closed interval, the sum

o(f; P,€) = ng, Ax;, (1)

where Ax; = x; — x;_1, is the Riemann sum of the function f

corresponding to the partition (P, &) with distinguished point on [a, b].
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Definition of Integral

Definition 0.2

A function f is Riemann integrable on the closed interval [a, b] if the limit
of the Riemann sum

o(f; P,€) = ng, Ax;, (2)

exists, as A(P) — O(that is, the Riemann integral of f is defined).
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Definition of Integral

Theorem 0.3

A necessary condition for a function f defined on a closed interval [a, b] to
be Riemann integrable on [a, b] is that f be bounded on |[a, b].

WU-Guoning Integration Feb, 2020 5/ 42



Definition of Integral

Theorem 0.4

A sufficient condition for a bounded function f to be integrable on a closed
interval [a, b] is that for every e > 0 there exist a number 6 > 0 such that

n

D w(fiA)AX <€
i=0

for any partition P of [a, b] with mesh A\(P) < §.
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Definition of Integral

Corollary 0.5

(f € Cla, b]) = (f € R|a, b]), that is, every continuous function on a
closed interval is integrable on that close interval.

Corollary 0.6

If a bounded function f on a closed interval [a, b] is continuous everywhere
except at a finite set of points, then f € R]a, b].

v

Corollary 0.7
A monotonic function on a closed interval is integrable on that interval.
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Definition of Integral

Theorem 0.8

A bounded real-valued function f : [a, b] — R is Rimann integrable on
[a, b] if and only if the following limit exist and are equal to each other:

I = A(!;;n—m s(f; P); 1 = A(I};gn_}g S(f; P). (3)

When this happens, the common value | = | = [ is the integral

/a i f(x) dx
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Definition of Integral

Theorem 0.9

A necessary and sufficient condition for a function f : [a, b] — R defined
on a closed interval [a, b] to be Riemann integrable on [a, b] is the
following relation:

n

A(liy)n—m ;w(f; Ai)axi =0 )

v
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The Vector Space R]a, b]

Theorem 0.10

If f,g € Rla, b], then
O (f+g) € Rlab];
@ af € Rla, b], where « is a numerical coefficient;
@ |f| € Rla, b];
Q flic,q] € Rla, b] if [c,d] C [a, b];
Q (f-g) € Rla bl
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Linearity, Additivity and Monotonicity of the Integral

Theorem 0.11
If f,g € Rla, b], then af + Sg € R|a, b], and

/ab(af+ﬁg) dx:a/abf(x)dx+5/abg(x)dx

Theorem 0.12

ifa<b<candfeRac], then |,y € R[a, b, fljpq € R[b, |, and
the following equality holds:

/acf(x)dx:/abf(x)dx—i-/bcf(x)dx
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Linearity, Additivity and Monotonicity of the Integral

Theorem 0.13

Let a,b,c € R and let f be a function integrable over the largest closed
interval having two of these points as endpoints. Then the restriction of f
to each of the other closed interval is also integrable over those intervals
and the following equality holds:

/abf(x)dx+/bc f(x)dx—l—/af(x)dx:o

c
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A General Estimation of the Integral.

Theorem 0.14

If a<band f € R[a, b], then |f| € R|a, b] and the following inequality

holds .
< / 1£1(x) dx
a

/ab f(x)dx

If |f|(x) < C on [a, b] then

b
/ If|dx < C(b— a)
a

Theorem 0.15

Ifa<b, fi,fh € Rla,b], fi(x) < f(x),Vx € [a, b], then

/abfl(x)dxg/abfz(x)dx
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A General Estimation of the Integral.

Corollary 0.16

Ifa<b,fe€R[ab]l,m<f(x)<M,Vx € [a,b], then

m(b—a)g/bf(x)dxg M(b — a)

Corollary 0.17

Ifa<b,feR[abl,m= fxe[a b F (), M = sup,c(, ) f(x), then there
exists a number p € [m, M) such that

b
/a f(x)dx = u(b — a)
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A General Estimation of the Integral.

Corollary 0.18
If f € Cla, b, there exists a point & € [a, b] such that

b
/ F(x) dx = F(£)(b - a) (5)
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A General Estimation of the Integral.

Theorem 0.19 (First Mean-Value Theorem)

Let f,g € Rla, b],m = infyea,p] f(x),M= SUPc[a,b] f(x). Ifgis
nonnegative (or nonpositive) on [a, b], then

/ab(fg) dx = u/abg(X) dx

where p € [m, M] If, in addition, it is known that f € C|a, b], then there
exits a point { € [a, b] such that

[ @ax=r© [ stax
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A General Estimation of the Integral.

Theorem 0.20 (Second mean-value theorem for the integral)

If f,g € Rla, b] and g is a monotonic function on [a, b], then there exists
a point § € [a, b] such that

/ ’ () dx = g(a) / * ) dx + g (b) /ﬁ () d

a a

WU-Guoning Integration Feb, 2020 17 / 42



The Integral and the Derivative

The Integral and the Primitive

Let f be a Riemann-integrable function on a closed interval [a, b]. On this
interval let us consider the function

Fx) = / T f(t)dt (6)

often called an integral with variable upper bound limit.
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The Integral and the Derivative

Az + Az) — A=)
0 f(x)ax
0 fz+ Az)Az

e )

f(x)

f(=)

AX)

A(x+AX) - A(X)

f(z+ Ax)

Ax

T+ Az
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The Integral and the Derivative

If f € R|a, b] and the function f is continuous at a point x € [a, b], then
the function F defined on [a, b] by Equation(6) is differentiable at the
point x, and the following equality holds:

F'(x) = f(x)
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The Integral and the Derivative

Theorem 0.22

Every continuous function f : [a, b] — R on the closed interval [a, b] has a
primitive, and every primitive of f on [a, b] has the form

]—"(x):/xf(t)dt—i—C
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The Integral and the Derivative

Definition 0.23

A continuous function x — F(x) on an interval of the real line is called a
primitive (or generalized primitive) of the function x — f(x) defined on
the same interval if the relation F’(x) = f(x) holds at all points of the
interval, with only a finite number of exceptions.
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The Newton-Leibniz Formula

Theorem 0.24

If f : [a, b] — R is a bounded function with a finite number of points of
discontinuity, then f € R[a, b] and

b
/a F(x)dx = F(b) — F(a) (7)

where F : [a, b] — R is any primitive of f on [a, b].
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The Newton-Leibniz Formula

Example 0.25

Compute the definite integrals below:
(1) fabx” dx
@ [Perdx
(3] foz xvV4 — x2dx
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The Newton-Leibniz Formula

Example 0.26

Compute the limit of the sum using definite integral:
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Integration by Parts

Theorem 0.27

If the function u(x) and v(x) are continuously differentiable on a closed
interval with endpoints a and b, then

b b
/a (u(V/(x)) dx = ()]t — / (v(x)e/(x)) dx

/ 7 o) = el — / " e
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Integration by Parts

Theorem 0.28

If the function t — f(t) has continuous derivatives up to order n inclusive
on the closed interval with endpoints a and x, then Taylor's formula holds:

1
(n—1)!

f(x) = f(a)+%f’(a)(x—a)+- ot (@) (x—a)" " +ra1(a; ),

with remainder term
ra(ai) = 24020 = gy 2 A x— e

How to obtain Taylor and Cauchy remainders?
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Integration by Parts

@ The Cauchy’s formular for the remainder term is

() = AT — € (x — o)

@ The Lagrange's formular for the remainder term is

fn(Xo;X):( ! FID(€)(x — x0)" 1

n+1)!
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Integration by Parts
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Integration by Parts

Example 0.29

Compute the definite integrals below:
(1) fle x?Inx dx

jus
Q [i? sin” xdx
Q [;? cos” x dx
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Integration by Parts
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Integration by Parts

Wallis formular

27 Am {(2(,5”7)!1!)!1} ' 2n1+ 1

hint: [2 sin?mt x dx < I sin?™ x dx < I sin?™1 x dx
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Integration by Parts

WU-Guoning Integration Feb, 2020 33 /42



Integration by Changing Variable

Theorem 0.30

If ¢ : [a, 5] — [a, b] is a continuously differentiable mapping of the closed
interval [a, 8] into the closed interval [a, b] such that ¢(a) = a and

©(8) = b, then for any continuous function f(x) on [a, b] the function
f(p(t))¢'(t) is continuous on the closed interval [« 8], and

b B
[ reaax= [ feo)e e ar ®)
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Integration by Changing Variable

Example 0.31

1
/ v 1 — x2dx
-1
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Integration by Changing Variable

Example 0.32

™ ™ ™
/ sin mxcosnxdx:O,/ sin? deX:T[',/ cos® mxdx =, m,n € N.

—Tr —T —Tr

/sinmxdx:/ cosnxdx =0,n#0

—T —T
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Integration by Changing Variable

Example 0.33

1
/ In(1+ x) dx
0 1 +X2
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Integration by Changing Variable

Example 0.34

Let f € R[—a, a], show that

g [ 2 [ f(x)dx, f(—x)=f(x)
/ f(x)dx‘{ Yo, F(ex) = —f(x)

—a
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Integration by Changing Variable

Example 0.35

Let f be a real function defined on the entire real line R and having period
T, that is f(x 4+ T) = f(x) for all x € R. If f is integrable on each finite
closed interval, then for any a € R, we have

/aa+Tf(x)dx = /OTf(x)dx.
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Integration by Changing Variable

Example 0.36

The quality p = fab f(x) dx is called the integral average value of the
function on the closed interval [a, b].

Let f(x) be a function that is defined on R and integrable on any closed
interval. We use f to construct the new function

1 xX+0

F5(X) = % s
X—

f(t)dt

whose value at the point x is the integral average value f in the
d—neighbohood of x.

We shall show that Fs(x) is, compared to f, more regular. More precisely,

if £ is integrable on any close interval [a, b], the Fs(x) is continuous on R,
and if f € C(R), then Fs(x) € C(O(R).
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Integration by Changing Variable
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Integration by Changing Variable
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The last slidel
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